Introduction
We recall some basic facts on "tamely ramified Iwasawa modules". (For the details of this paragraph, see [12] .) Let p be an odd prime number. Firstly, we will consider the cyclotomic Z p -extension Q c over the field Q of rational numbers. Take a finite set S of finite primes of Q which does not contain p. Let L S (Q c ) be the maximal abelian pro-p extension of Q c which is unramified outside S. (The term "unramified outside S" denotes that every prime of Q c lying above ∈ S or the infinite prime of Q is unramified.) Put X S (Q c ) = Gal(L S (Q c )/Q c ). We also put Γ = Gal(Q c /Q), and Λ 1 = Z p [[Γ] ] (the completed group ring). Note that X S (Q c ) is a finitely generated torsion Λ 1 -module because p ∈ S. X S (Q c ) is called the S-ramified Iwasawa module. We note that a prime number q ∈ S which satisfies q ≡ 1 (mod p) does not have an effect on the structure of X S (Q c ). Thus, it is convenient to add the assumption that (C1.1) the congruence q ≡ 1 (mod p) is satisfied for every q ∈ S.
Greenberg's conjecture [8] says that the "unramified" Iwasawa module (i.e., the case when S = ∅) of the cyclotomic Z p -extension of a totally real number field is always finite. Contrary to this, it is known that X S (Q c ) can be infinite (see [19] ). Note also that X S (Q c ) is finitely generated as a Z pmodule, and a formula of the Z p -rank of X S (Q c ) is also known (see [12] ). Hence a naive analog of Greenberg's conjecture does not hold for general S. However, we can obtain the following:
Theorem 1.1. Assume that S is not empty and satisfies (C1.1). Then X S (Q c ) always contains a non-trivial finite Λ 1 -submodule.
We shall give two proofs of Theorem 1.1 in Section 2. One is based on Ozaki's method (given in [23] ) for studying the unramified Iwasawa module of the cyclotomic Z p -extension of a totally real field. The other is an extension of the argument given in [12] .
One may expect to generalize this theorem for other situations (e.g., the cyclotomic Z p -extension of a totally real field). However, Y. Mizusawa remarked that the same assertion does not hold for the cyclotomic Z 2 -extension of Q. That is, for a certain set S of finite primes of Q (which does not contain 2), the S-ramified Iwasawa module of the cyclotomic Z 2 -extension of Q is infinite and does not contain a non-trivial finite submodule (see [18, Theorem 7.3] ). It was also found (after Mizusawa's remark) that there are an odd prime p, a totally real number field H, and a finite set S of finite primes of H (which does not contain any prime lying above p) such that the S-ramified Iwasawa module of the cyclotomic Z p -extension of H is infinite and does not contain a non-trivial finite submodule. However, the details about such an example will be given in another paper. (In the present paper, we shall treat only the "having case".)
We are also concerned with whether the similar assertion to Theorem 1.1 is satisfied for the case of multiple Z p -extensions or not. Let F be an arbitrary algebraic number field and S a finite set of finite primes of F which does not contain any prime lying above p. Let F /F be the composite of all Z p -extension of F . Then it is well known that Gal( F /F ) ∼ = Z ⊕d p as a Z p -module with a certain positive integer d. We put Γ d = Gal( F /F ) and
. Let L S ( F ) be the maximal abelian pro-p extension of F unramified outside S, and put X S ( F ) = Gal(L S ( F )/ F ). We can show that When S = ∅, this question is weaker than GGC, and there are several relating works (see, e.g., [2, 4, 29] ).
Note that X S ( F ) also can be a non-pseudo-null Λ d -module when S = ∅ and d = 2 (see Section 7). We found that there are many cases such that X S ( F ) contains a non-trivial pseudo-null submodule when the base field is an imaginary quadratic field. One more main purpose of the present paper is to state such cases. This will be done in Sections 3 and 4.
In the following, we denote by k an imaginary quadratic field, and S a finite set of finite primes of k which does not contain any prime lying above p (note that p is odd). In this case, k/k is a Z ⊕2 p -extension. Similar to the case of Q c /Q, any prime q ∈ S satisfying N q ≡ 1 (mod p) does not have an effect on the structure of X S ( k), where N q is the absolute norm of q (see also, e.g., [12, 13] ). Hence, it is sufficient to consider S satisfying the following condition.
Take a prime q ∈ S, and let q be the rational prime lying below q. Then, under the condition (C1.2), q satisfies either of (1) q ≡ 1 (mod p), or (2) q ≡ −1 (mod p), and q is inert in k. We put S 1 = {q ∈ S | q satisfies (1)} and S 2 = {q ∈ S | q satisfies (2)}.
In Section 3, we consider Question 1.2 for the case that p splits in k. When S = ∅, the first author [4] gave a Z ⊕2 p -extension analog of Ozaki's result given in [23] . We will give an S-ramified version of this result. However, we only show it under a (somewhat strict) condition on S, because we could not imitate the original argument in general. 
Note that for the case S = ∅, the above theorem is just the first author's original result [4, Theorem 1] .
In Section 4, we will consider Question 1.2 for the case that p does not split in k (recall that k is an imaginary quadratic field). One of our results is a sufficient condition for having a non-trivial pseudo-null submodule. Before stating this, we will introduce a condition on S.
(C1.3) For q ∈ S, if the rational prime q below q splits in k, S contains all primes above q.
(Roughly speaking, S comes from a set of rational primes.) We also mention that further observations are given in Sections 3 and 4. In particular, relating Question 1.2, the structure of S-ramified Iwasawa modules of the "p-ramified" Z p -extension is also considered in Section 3.
From our results in the present paper, it can be expected that an analog of Theorem 1.1 for imaginary quadratic fields (with odd p) holds without a few exceptional cases. However, we need more observations to clarify this. (Actually, when we were preparing the present paper, an example such that X S ( k) is not trivial and it does not contain a non-trivial pseudo-null submodule was found. The details also will be given in another paper.)
In Section 5, we shall give an application to "non-abelian Iwasawa theory" in the sense of Ozaki [26] . We will show some results on the structure of the Galois group of the maximal S-ramified pro-p extension of Q c (or the cyclotomic Z p -extension of an imaginary quadratic field). Section 6 is an appendix. We will discuss a certain assertion stated in Section 3. Section 7 is an additional section to remark Kataoka's recent result.
We will define some notations and symbols which will be used. In the following of the present paper, p always denotes an odd prime number. Let ν p ( · ) be the additive p-adic valuation of Q which satisfies ν p (p) = 1. For a finite set A, we denote by |A| its number of elements. Let G be a pro-p group which is topologically isomorphic to the additive group of
For an algebraic number field F , let O F be the ring of integers of F . As we have already done, we often identify a finite prime of F with the corresponding prime ideal of O F (or the corresponding prime number when F = Q). We also denote by F c = F Q c the cyclotomic
We also define some notations concerning extensions with restricted ramification. In this paragraph, k denotes Q or an imaginary quadratic field.
Let S be a finite set of finite primes of k which does not contain any prime lying above p, and K/k an algebraic extension. We denote by L S (K) the maximal abelian pro-p extension over K unramified outside S, and put
We also denote by M S,p (K) the maximal abelian pro-p extension over K unramified outside S ∪ {primes lying above p}, and put X S,p (K) = Gal(M S,p (K)/K). When k is an imaginary quadratic field in which p splits into two distinct primes p and p , we define M S,p (K) similarly (unramified outside S ∪ {p}). We also put
Finite submodules of the S-ramified Iwasawa modules for the cyclotomic Z p -extension of Q
In this section, let S be a finite set of finite primes of Q satisfying (C1.1), and assume also that S is not empty. Recall that Γ = Gal(Q c /Q) and
. We shall restate the notations given in [12] . For each positive integer n, we put
We put r = max q∈S ν p (q − 1). (From our assumption, r ≥ 1.) For i = 1, . . . , r, we denote by n i the number of q ∈ S satisfying ν p (q −1) = i. (Note that n i ≥ 0, n r ≥ 1, and n 1 + · · · + n r = |S|.) We put P i = p i−1 . From the results of [12] , we can see that char Λ 1 X S (Q c ) is generated by F (T ), where
(Although this is not explicitly written in [12] , we can easily deduce this fact from the arguments given there. Especially, see Lemma 2.1, Lemma 2.2, the proof of Lemma 2.3, and Theorem 3.1 of [12] .) We note that Ozaki's arguments given in [23] are also applicable to our situation. Since F (T ) is not divisible by T , we can show that Lemma 2.1.
Proof. This lemma can be shown by using the same argument given in [23] . Hence we only give an outline of the proof.
We claim that the following holds.
(a) As a Z p -module, X S,p (Q c ) is finitely generated and free. To see the assertion of this lemma, we consider the following exact sequence
and evaluate the Γ-invariant and the Γ-coinvariant of each term. From (a) and (c), we can see that
The lemma follows from these facts.
The following is also an analog of Ozaki's result [23] (see also [4, Theorem B]).
Corollary 2.2. X S (Q c ) has a non-trivial finite Λ 1 -submodule if and only if
The above corollary follows from Lemma 2.1 and Nakayama's lemma. Moreover, by using this, we obtain the following:
Remark 2.4. Since X S (Q c ) is a quotient of X S (Q c ), the above corollary seems a non-trivial result.
Under these preparations, we shall show Theorem 1.1. Take a prime q ∈ S. By using [12, Theorem 3.1] and the fact that q ≡ 1 (mod p), we see that X {q} (Q c ) is non-trivial and finite. From Corollary 2.3, X S (Q c ) has a non-trivial finite Λ 1 -submodule.
Second proof of Theorem 1.1. Recall that F (T ) is prime to T . Then it is well known that
(see, e.g., [28, Exercise 13.12] ). We shall compute both ν p (F (0)) and
Since
Note that only one prime ramifies in Q c /Q, and it is totally ramified. Hence, we can see that
(see the below remark 2.5). It is easy to see that
Remark 2.5. The proof of (2.1) is quite similar to the case of (usual) unramified Iwasawa modules (see, e.g., [28, Chapter 13] ). Note also that more general results are already stated in some earlier papers, e.g., [1, 15] . (However, it seems that a few places of Section 3 of [1] need slight correction.)
Question 1.2 for imaginary quadratic fields in which p splits
Let k be an imaginary quadratic field, and k/k the unique Z ⊕2 p -extension. We put Γ 2 = Gal( k/k), and
. In this section, let S be a finite set of finite primes of k which does not contain any prime lying above p and satisfying (C1.2).
We shall give some sufficient conditions such that X S ( k) has a non-trivial pseudo-null submodule. In the rest of this section, we assume the following:
p splits into two distinct primes p and p in k.
Firstly, we shall show Theorem 1.3 (stated in Section 1).
Proof of Theorem 1.3. This also can be shown by imitating the original argument given in [4] . (We remark that X S (k c ) is finitely generated as a Z p -module (see [12] ), and both X S,p ( k) and X S,p ( k) are finitely generated Λ 2 -modules.) It is sufficient to confirm the following facts. In this proof, we will use a " Note that under the assumption that S 1 = ∅, we see that both M S,p (k c ) and L S (k c ) are Galois extensions over Q c . Hence Gal(k c /Q c ) acts on X S,p (k c ). As usual, we can decompose
with respect to the action of Gal(k c /Q c ). We also see that
where S † is the set of rational primes lying below S. In this case, we can see that [27] and [4] . The remaining part of the proof is quite similar to that of the original proof given in [4] (when S = ∅).
Remark 3.1. In the above proof, the assumption that S 1 = ∅ is crucial. Actually, the assertion (a) does not hold for general S (see Section 6).
Similar to Corollary 2.3, we can obtain the following: In particular, if X ∅ ( k) is not trivial and GGC holds, then X S ( k) has a non-trivial pseudo-null Λ 2 -submodule for every S which satisfies S 1 = ∅. For example, when the class number of k is prime to p and the Iwasawa λ-invariant of the cyclotomic Z p -extension k c /k is greater than 1, these conditions are satisfied from Minardi's result [17, Proposition 3.A].
We shall give a sufficient condition such that X S ( k) has a non-trivial pseudo-null submodule. Let k p /k be the unique Z p -extension unramified outside p. Minardi [17] used k p /k to give a sufficient condition for the validity of GGC. We also use this Z p -extension, however, our argument is somewhat different from Minardi's one.
We put Γ p = Gal(k p /k), and
We can see that both X S (k p ) and X S,p (k p ) are finitely generated torsion Λ p -modules. Take a topological generator γ p of Γ p , and fix an isomorphism Λ p → Z p [[T * ]] with γ p → 1 + T * . As usual, we also consider X S (k p ) and
Lemma 3.3. Suppose that k and p satisfy (C3.1). Assume that S satisfies (C1.2), and p is totally ramified in
Proof. The proof is quite similar to that of Lemma 2.1 (and hence it is also based on Ozaki's argument). It is sufficient to check the following assertions.
(a) X S,p (k p ) has no non-trivial finite Λ p -submodule.
The assertion (a) can be shown by using the argument given in [9, p. 91-94]. By using class field theory, we see that the Z p -rank of X S,p (k) is 1. The assertion (c) follows from this. Note that the inertia subgroup of X S,p (k) for p is a cyclic Z p -module. Since p is ramified in k p /k, the assertion (b) follows. (Remark also that (c) implies that a generator of the characteristic ideal char
is not divisible by T * .)
Corollary 3.4. Suppose that k and p satisfy (C3.1). Assume that S satisfies (C1.2), and p is totally ramified in
k p /k. (1) X S (k p )
contains a non-trivial finite Λ p -submodule if and only if
Proof. Recall the argument given in Section 2. Let X S (k p ) fin be the maximal finite Λ p -submodule of X S (k p ). Then we can show that X S (k p ) Γp ∼ = (X S (k p ) fin ) Γp . By using Lemma 3.3 and Nakayama's lemma, the assertion (1) follows. The proof of (2) is similar to that of Corollary 2.3, hence we omit it here. We will show (3). Assume that X S (k p ) has a non-trivial finite Λ p -submodule. By (1), we see that
is not trivial. Since every prime lying above p does not ramify in k/k p , we see
is not trivial because S ⊂ S. The assertion follows from Theorem 1.3.
For an integer n ≥ 0, let k p n be the nth layer of k p /k. Proof. We will only show the assertion (1), because (2) directly follows from this and Corollary 3.4 (3). We mention that some standard tools obtained in the studies of Greenberg's conjecture for totally real fields (e.g., [8, 23] ) are also usable for our situation (see also [5] for the case of k p /k with S = ∅).
Let m be the product of all prime ideals of k contained in S . (We identify a finite prime of k and the corresponding prime ideal of O k . We put m = O k when S = ∅.) We denote by m n the extension of m in k p n . Let A S (k p n ) be the Sylow p-subgroup of the ray class group of
is the Sylow p-subgroup of the ideal class group.) By class field theory, we see that X S (k p n ) is isomorphic to A S (k p n ) because S does not contain any prime lying above p. Under this isomorphism, D S (k p n ) can be identified with the subgroup of A S (k p n ) which consists of the classes containing a power of the prime ideal lying above p.
We put [8] ). Recall that p is totally ramified in k p n /k, and it is the unique ramified prime. From this, we can see that
is also bounded. We will mention one more fact. The essential part of the arguments in this paragraph is due to [22] . For integers m > n ≥ 0, let i n,m be the natural mapping A S (k p n ) → A S (k p m ) which comes from the extension mapping of ideals. We also consider the restriction mapping p n :
Since p is the unique ramified prime in k p /k and it is totally ramified, we can see that
) (see also Remark 2.5). Let X S (k p ) fin be the maximal finite Λ p -submodule of X S (k p ). Then, for all sufficiently large m, we see that the kernel of i n,m is isomorphic to p n (X S (k p ) fin ) by using the same argument given in the proof of [22, p. 218, Proposition] . Hence, if the kernel of i n,m is not trivial, then X S (k p ) has a non-trivial finite submodule.
Under these preparations, we shall show the assertion (1). Recall that |D S (k p n )| is bounded with respect to n. Hence, by using a similar argument as given in [8, p. 267] (the proof of Corollary to Proposition 1), we see that the image of D S (k p n 1 ) by i n 1 ,n 2 is trivial for a sufficiently large n 2 (> n 1 ). This implies that A S (k p n 1 ) contains a ray class which becomes trivial in k p n 2 . Hence, from the above mentioned fact, X S (k p ) has a non-trivial finite submodule. By using Corollary 3.4 (2), we see that X S (k p ) also has a nontrivial finite submodule.
When D ∅ (k) is not trivial (that is, the order of the ideal class of k containing p is divisible by p) and p is totally ramified in k p /k, then X S ( k) contains a non-trivial pseudo-null submodule for every S satisfying (C1.2). If otherwise, we can obtain the following: Theorem 3.6. Suppose that k and p satisfy (C3.1). Assume that p is totally ramified in k p /k. There are infinitely many finite primes q of k such that X {q} ( k) contains a non-trivial pseudo-null submodule. In particular, we can take q such that S 1 = ∅ for S = {q}.
Proof. Let q be an odd prime number which is inert in k, and satisfies q ≡ −1 (mod p). Let q be the unique prime k lying above q. In this case, we can decompose A {q} (k) ∼ = A {q} (k) + ⊕A {q} (k) − with respect to the action of Gal(k/Q). Since q ≡ 1 (mod p), it follows that A {q} (Q) is trivial. This implies that A {q} (k) ∼ = A {q} (k) − . Since p and p are conjugate over Q, if the subgroup of A {q} (k) generated by powers of p and p is non-trivial, then D {q} (k) is also non-trivial. If we put S = {q}, then S 1 = ∅. By Corollary 3.5, if D {q} (k) is non-trivial, then we can conclude that X {q} ( k) has a non-trivial pseudo-null submodule. We show that infinitely many such prime numbers q exist.
Let E {p} be the group of p-units of k, that is, the group of units in 
of Gal(k(ζ p )/Q)-modules. From natural restriction mappings of Galois groups, we have an isomorphism
Choose an element σ of Gal(k(ζ p )/Q) such that σ| k generates Gal(k/Q), and that σ| Q(ζp) is the complex conjugation. 
Also, since the p-primary part of (O k /q) × can be embedded into A {q} (k), we see that D {q} (k) is not trivial. This completes the proof.
Question 1.2 for imaginary quadratic fields in which p does not split
Let k be an imaginary quadratic field. In this section, we shall consider Question 1.2 for the case when p does not split in k. Let S be a finite set of finite primes of k which does not contain the prime lying above p. Some notations defined in Section 3 are also used in this section.
Minardi [17] gave examples such that the unramified Iwasawa module X ∅ (k) has a non-trivial pseudo-null submodule when p is inert in k by showing that the decomposition subgroup for a prime lying above p is not trivial. (See also [2] .) The same idea can be applicable to our tamely ramified case.
Throughout this section, we assume that k and p satisfy the following condition.
(C4.1) p does not split in k. (1) (See also [17] 
Proof. Note that D S (k) is a Λ 2 -submodule and it is finitely generated as a Z p -module. Hence (1) follows. We shall show (2) . Let k be the inertia field of k/k for the unique prime p lying above p. We remark that p splits completely in k , because k /k is an unramified abelian p-extension and the order of p in the ideal class group of k is not divisible by p. Of course, every prime lying above p is totally ramified in k/k . From this fact, if D S (F ) is non-trivial, then D S (k) is also. Combining with the result in (1), we obtain (2).
In particular, if D S (k) is not trivial, then X S ( k) has a non-trivial pseudonull submodule. Apart from this, we can obtain the following:
Let q be a finite prime of k satisfying N q ≡ 1 (mod p). When k is an imaginary quadratic field, suppose that q is a principal ideal generated by q. Let K/k a Z p -extension which is totally ramified at the prime lying above p. For an integer n ≥ 0, we denote by K n the nth layer of
is not trivial for some n ≥ 0.
To show this proposition, we mainly use the techniques given in [8] (especially, the proof of Theorem 1). However, our case is slightly complicated. We need some lemmas. Put G n = Gal(K n /k), and fix a generator γ of G n . In the following, we denote by (a) the principal ideal of K n generated by a.
Lemma 4.3. Let the assumptions be as in Proposition 4.2. We put
Proof. The assertion essentially comes from Hilbert's Theorem 90. We denote by N Kn/k the norm mapping from K n to k. Take a ∈ V n satisfying N Kn/k a = 1, then there exists an element b of K × n satisfying b γ−1 = a. We write (b) = QA such that Q is a product of prime ideals lying above q and A is prime to (q). Since (b γ−1 ) is prime to (q), we see that Q γ = Q. From this, we can write Q = (q) m with an integer m. Hence c = bq −m is contained in V n and satisfies c γ−1 = a. This implies that H 1 (G n , V n ) is trivial.
To show the remaining part, we consider the following exact sequence.
We claim that H 1 (G n , (O Kn /(q)) × ) is trivial. Let K d be the decomposition field of K n /k for q (0 ≤ d ≤ n). Take a prime q of K d lying above q, and denote by q n the extension of q in K n . Then, by using Shapiro's lemma, we see
Since q does not decompose in K n , the right hand side is trivial. The claim follows. We also see thatĤ 0 (G n , (O Kn /(q)) × ) is trivial (whereĤ 0 is the 0th Tate cohomology group). This implies that H 1 (G n , V n ) ∼ = H 1 (G n , V n ), and then H 1 (G n , V n ) is also trivial.
Lemma 4.4. Let the assumptions be as in Proposition 4.2. We put
Then H 1 (G n , S n ) is trivial.
Proof. We can obtain the following exact sequence
where E n is the group of units in K n which are congruent to 1 modulo (q). Since the unit group of k is finite and its order is prime to p, we seê H 0 (G n , E n ) is trivial. Then there is a surjective homomorphism
The assertion follows from Lemma 4.3.
Lemma 4.5. Let the assumptions be as in Proposition 4.2. We denote by
A {q} (K n ) the Sylow p-subgroup of the ray class group of K n modulo (q). We put
Then B {q} (K n ) = B {q} (K n ).
Proof. We can imitate the argument given in the proof of [8, Theorem 1] .
(We use the previous lemma instead of Hilbert's Theorem 90.) It is sufficient to show that B {q} (K n ) ⊆ B {q} (K n ). Take a ray class c ∈ B {q} (K n ) and an ideal A contained in c. Then A γ = (a)A with some a ∈ V n . We also see that (N Kn/k a) = (1). By lemma 4.4, there exists an element b ∈ V n satisfying (b) γ−1 = (a). Then the ideal A(b −1 ) is invariant under γ, and contained in the same ray class c. The assertion follows.
Let i 0,n be the mapping which comes from the extension mapping of ideals from A {q} (k) to A {q} (K n ) (see also Section 3). Let R n be the Sylow p-subgroup of (O k a n /q) × . We put R = lim ← − R n , where the inverse limit is taken with respect to the norm mapping. Since q is inert in k, q splits completely in k a /k. We put Λ a = Z p [[Γ 0 ]]. Then, as a Λ a -module, R is isomorphic to R = Λ a /(p c ), where c = ν p (q 2 − 1) ≥ 1. By class field theory, there is a surjective Λ a -module homomorphism R → I,
